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Abstract 

^\l . This paper presents a three-fold extension of the Shape Theorem in first-passage perco- 

lation. Firstly, we show that the convergence holds not only almost surely and in L^, but 
also completely. For this, we deduce certain large deviation estimates assuming finite power 
moments. Secondly, we prove that there are no exceptional times at which the almost sure 
convergence fails, when edges update their values according to independent Poisson clocks. 

T^ ' Finally, we prove that all of the above extends to cone-like subgraphs of the Z'^ lattice; 

C^ ■ Their associated asymptotic shapes can be expressed in terms of the asymptotic shape of 

the lattice. 

Keywords: First-passage percolation, shape theorem, complete convergence, large devia- 
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^ ■ 1 Introduction 



Oh 



[^^ ■ First considered by iHammerslev and WelshI (jl965l ) , first-passage percolation is a process defined 



O . on a graph Q = (yg,£g) to which non-negative i.i.d. random variables {Te}ee£^g have been as- 

signed to its edges. The process can be interpreted as an infection started at the origin of 
the graph, and which to spread along the edges of the graph with delay given by the random 
variables. The random variables are thus commonly referred to as passage times. To avoid trivi- 

^ I alities, we assume throughout this paper that the passage-time distribution does not concentrate 

j^ ■ all mass at a single point. 

One of the main achievements in first-passage percolation is known as the Shape Theorem 
(cf. Theorem II. ip . and describes the almost sure macroscopic behaviour of an infection growing 
on the Z*^ nearest neighbour graph, where d> 2. The Z"' nearest neighbour graph, also referred 
to as the Z,'^ lattice, is the graph whose vertices are the points in Z'^ and where every pair of 
vertices at Euclidean distance one are joined by an edge. The two main results of this paper 
together give a three-fold extension of the Shape Theorem. The first. Theorem 11.21 says that 
a statement analogous to the Shape Theorem holds for certain cone-like subgraphs of the Z 
lattice. Moreover, it gives sufficient conditions for the convergence to hold almost surely, in 



L^ and completely. The second, Theorem 11.61 is a dynamically stable version of the Shape 
Theorem. For this a dynamical version of first-passage percolation is introduced, in which edges 
update their v alues according to i.i.d. Pois s on clo cks. This dynamics is analogous to the one 
introduced by iHaggstrom. Peres, and Steij ( 19971 ) for bond percolation, and will be properly 



presented below. As will be emphasized, the time dimension in which edges flip should not be 
confused with the interpretation of the random values assigned to the edges as 'times'. 

A few words should be said about the relevance of this study. The concept complete con- 
vergence is not fr e quent ly figuring in the percolation literature. However, since introduced by 
Hsu and RobbinsI ( 19471 ). it has been stu died thorou ghly in the classical study of random se- 



quences, renewal theory and alike (see e.g. iGutI (|2005l )). A random sequence {Xn}n>i is said to 
converge completely to X as n — )• oo if 

oo 

^P(|X„-X| >e) <oo, forane>0. (1.1) 

n=l 

Complete convergence implies almost sure convergence via Borel-Cantelli's lemma, and provides 
a bound on the rate by which X„ converges to X in probability. The fact that first-passage 
percolation essentially is the graph theoretical analogue of a renewal process, makes complete 
convergence relevant also here. 

Considering first-passage percolation on subgraphs of the lattice is a natural extension. How- 
ever, additional motivation comes from that it is the first step towards inhomogeneous first- 
passage percolation, where different regions of the lattice (such as upper and lower half-space) 
are assigned values from distinct distributions. The inhomogeneous case is not studied further 
in this paper. 

Let us next be more specific about the objects we do study. Let a path refer to an alternating 
sequence of vertices and edges; vo,ei,vi, . . . ,en,Vn, beginning and ending with a vertex, such 
that Vk is the endpoint of the edges ek and e^+i that precedes and follows Vk- The vertices vq 
and Vn are referred to as endpoints of the path. A path with endpoints u and v will be referred 
to as a path from u to v. We will repeatedly abuse notation and identify a path with its set of 
edges. For a path F, we define the passage time of F as r(F) := X^ggp Tg, and define the passage 
time, or first-passage time, between two vertices n, u G Vg as 

T{u, v) := inf{T(F) : F is a path from n to t;}. 

T(n, v) should be thought of as the time it takes an infection started at u to reach v. Starting 
with a single infected vertex at the origin €Vg, the spatial propagation, i.e., the set of vertices 
reached by time t is given by 

m:={veVg:TiO,v) <t}. 

When the underlying discrete structure is given by the Z lattice, we will for practical reasons 
extend the definition of r(x, y) from Z"^ to R"^. For x, y S M'^ we assigning T(x, y) the passage 
time T(x*,y*), where x* and y* denotes the two points in Z closest to x and y, respectively 
(choosing the point closest to the origin in case of a tie, say). The definition of Wt extends 
consequently to let Wt contain all points x G R such that T(0, x) < t. 



1.1 The Shape Theorem 

An important breakthrough was achived bv iKingmanl ( 19681 ) and his Subadditive Ergodic The- 



orem. The theorem imphes that for any z of the form z = z/|z|, for some z G Z'^, 

r(0,nz) Err(0,nz)l , ^ ^ 

3/i^d(z) := lim = Hm , almost surely and in L , (1-2) 

n— >oo n n— >oo n 

under the assumption that E[y] < oo, where 

Y = mm{Ti,T2,...,T2d), (1.3) 



and Ti,T2, . . . ,T2d are independent and distributed as Tg. The limit ^■^d{-) that figures in ()1.2p 
is referred to as the time constant. Given the radial convergence in (jl.2p . a fair amount of 
additional work provides the asymptotic growth in all directions simultaneously. In particular, 

if E [y^] < oo, then 



lim sup 

Z6Z'': |z|-S>oo 






0, almost surely. (1.4) 



Alternatively, we can present (|1.4|) in terms of how closely t ^Wi resembles the set 

W* := {x G M^ : |x| < ^i^i{^/\ii\)-^] . 
(As will be seen in Section [21 ^id{-) extends continuously to all unit vectors in S '^"^.) Stated in 



terms of spatial propagation, t he result is known a s the Shape Theorem and due to lCox and Durrett 
(jl98ll ). inspired by a result of lRichardsonI ( 19731 ). 



Theorem 1.1 (Shape Theorem). Consider first-passage percolation on U^ with i.i.d. passage 
times such that E [y ] < co, for Y defined as in hl.3\) . If ^^d(ei) > 0, then, for all e > 0, 
almost surely, 

(1 - e)W C -Wf C (1 + e)>V*, for t large enough. 
If fi^d{ei) = 0, then for every compact set K in W^, almost surely, 

K C — Wi, for t large enough. 

Theorem 11.11 can be seen to be equivalent to p.4p via an inversion argument. For the purpose 
of this paper, it will be more convenient to consider limits of the form in ()1.4p . It was shown by 
KestenI (|l986l l that 

lild{ei) = if and only if P(Te = 0) > Pc{d), 

where Pc{d) denotes the critical probability for independent bond percolation on the Z,'^ lattice. 
Moreover, it is known that if fij^d{'x.) = for some x G S , then it does for all. In the regime 
fj,j^d{ei) > 0, the shape W* can be seen to be compact, convex and to have nonempty interior. 



1.2 A shape theorem for subgraphs 

The Shape Theorem gives a Law of Large Numbers for first-passage percolation on the Z lattice. 
In this paper we will show that a similar limit result can be achieved for certain subgraphs of 
the Z lattice. A subgraphs Q of the Z lattice will be called induced if any two vertices in Q are 
connected by an edge if and only if the same thing holds in the Z'^ lattice. An induced subgraph 
is uniquely determined by its set of vertices. Subsets of Z is in turn uniquely determined by a 
subsets of W^. Thus, we say that Q is the subgraph of the Z"^ lattice induced by V ^ W^, if Q is 
an induced subgraph of the Z*^ lattice and Vg = V HTj'^. 

Let B[y, r) = |x G M : |x — y| < r} denote the closed Euclidean ball. We will in this paper 
focus on subgraphs Q of the Z"^ lattice induced by sets of the form IJa>o ^[aii., uj{a)^ , for some 
X G S*^"-^ := {x G M'^ : |x| = 1} and u : [0, oo) — )■ [0, oo). Note that when io{a) = r ■ a for some 
r G (0, 1), then Q is simply a d-dimensional cone. One of the main results of this paper is the 
following extension of (jl.4p (and hence the Shape Theorem). The constant R^ that figures in 
the statement of the theorem will be explained and quantified in Lemma 12.41 

Theorem 1.2. For any d>2 there exists a universal constant R^ such that the following holds. 
Let X G S and let lo : [0,cx3) — t- [0, cxo) be a convex or concave function such that uj{a) — ?• oo, 
as a —7- CX3. Consider first-passage percolation on the subgraph Q of the Z*^ lattice induced by 
\Ja>oB{ai,uj{a)+Rd). 



a) //E[Te] < oo, then limsup E 

z6Vg: |z|— >oo 

b) IfE[Y^] < oo, then limsup 

z6Vg: |z|->c 



T(0,z) 



r(o,z) 



^f2d(z/|z|) 



^*zd(z/|z|) 



c) //E[y'^+i] < oo, then ^ P 

zeVg 



r(o,z) 



i(z/ 



0. 



0, almost surely. 



> e ) < oo, for all e > 0. 



We continue with a series of remarks on the statement of Theorem 11.21 As mentioned above, 
u}{a) = r ■ a gives rise to a cone in the classical sense when r G (0, 1). When r = 1, Q is the 
subgraph induced by the half-space {z G Z*^ : (z,x) > —Rj}, where (•, •) denotes inner product, 
and for r > 1, ^ equals the Z'' lattice. Hence, part b) extends (jl.ip . 

The convergence in part c) is what we refer to as complete convergence, in analogy with (jl.ip . 
We will prove part b) and c) of Theorem 11.21 under the stronger condition that E[Tg ] < oo. 
This will save u s frorn a few additional technicalities, which can be found in the paper of 
Cox and DurrettI (jl98ll ) . The necessary steps for the proof to go through without the stronger 



condition are indicated in Remark 16.41 

The condition E[re] < oo for the L^-convergence in part a) to hold can not be relaxed in 
general. However, it is not hard to see that if the limsup is taken over z G Vg(~^[Ja>o -B(ax, a;(a)) 
instead of over z £ Vg, then E[y] < oo is sufficient. In particular, E[y] < oo is sufficient when 
Q equals the Z lattice. 

The c ase w hen x is of the form z/|z|, for some z G Z'^, and u{a) = K — R^ was treated in 
Ahlbergl (2010|). Also in this case the limit exists and satisfies fJ-xi'^) > fJ-z^il^) fo^ ^^^ ^ — ^d- 



Indeed fj-xi^) — ^ Mz'*!^) as K — ;• oo (cf. Proposition I2.9p . which explains the presence of fJ-z<i{-) 
in Theorem 11.21 

For X E § and r G (0,1), let C{'x.,r) := |J^>q i?(ax,r • a). The cone C{^,r) is with 
elementary trigonometry found to have radius equal to , /' ^ • a at distance a from its tip. 
Consequently, an alternative way to generate C(x, r) is as the volume obtained when the function 
di^) ~ // 2 '^y fo^ a > 0, is rotated around the axis {axjagK. The other way around, the volume 
obtained when the function g{a) = r ■ a, for a > and some r > 0, is rotated around the axis 
{axjagiR equals C(x, , 7" g ) . In fact, for any non-decreasing convex function g : [0, oo) — )■ [0, oo), 
there is a convex function uj : [0, oo) — )• [0, oo) such that the rotation volume obtained when g is 
rotated around the axis {axjagK equals |J^>q i?(ax,a;(a)). 

Finally, the following observation is made in connection to Theorem ll.2[ Recall that the sub- 
critical regime of bond percolation on the Z*^ lattice coincides with ^■^d{ei) > 0, that is /Xgd(ei) > 
if and only if P(Te = 0) < Pc{d)- In addition, /^^^(ei) > coincides with linear growth of the 
spatial propagation of the infection, via the Shape Theorem. This is not true for all graphs. Con- 
sider the subgrap h of the square la ttice induced by the set {(x,y) e M^ : < y < alog(l + x)}. 



for some a G M4.. ICrimmettl (jl983l ) proved that for each a £ M+ the critical probability for bond 
percolation on this graph lies strictly between 1/2 and 1. Although this graph is not treated 
by Theorem 11.21 it is by similar means easy to see that lim„_!.oo r(0,nei)/n = /_i^d(ei), al- 
most surely, also for this graphs. In particular, we conclude that the subcritical regime of bond 
percolation does not coincide with the regime in which lim^^oo 2^(0,nei)/n is almost surely 
positive. 

1.3 Large deviations 



Hsu and RobbinsI (|l947l ) proved that the sequence of arithmetic averages of i.i.d. random vari- 
ables converges completely to its common mean, given that their variance is finite. That this is 
also necessary was proved by Erdos. We will from an extention of their results (cf. Theorem 13. ip 
deduce the following result which we will need to prove the large deviations estimate in part c) 
of Theorem 11.21 



Proposition 1.3. Let x G S'^ ^ and a > 1. Consider first-passage percolation on the TL'^ lattice 
with E[y"] < 00. Then, 



00 



'^n°' ^P[r(0,nx) > (/i2d(x) -Fe)nj < 00, for any e > 0. 



n=l 



This result is a kind of large deviations estimate for first-passage times above the time 
constant, and as we will see (cf. Proposition 14. ip . it also holds for subgraphs of the Z*^ lattice. 
We will also prove a large deviations estimate below the time constant, in which case we have 
exponential decay. 

Proposition 1.4. Consider first-passage percolation on the Z"^ lattice. For any e > 0, there are 
a = a(e) < 00 and [3 = /3(e) > such that 

P('r(0,ni) < (/U2d(i) - e)n] < ae"^'", for alln>0 and i € S'^"^ 



Proposition 11.41 extends a result bv lGrimmett and KesteiJ ( 19841 ) {d = 2) and iKestenI ( 1986 ) 
{d > 2). They treat the case when x = ei. The convergence obtained i n Proposition 11.31 does 
not seem to be previously known under the given hypothesis. However, iGrimmett and KestenI 
also show that P(T(0,nei) > {^^d{ei) + e)n) decays at least exponentially, but under the 
stronger assumption that E[e''''^=] < oo for some 7 > 0. First-passage times as defined above are 
soi netimes referred to as p oint-to-point passage times. Related results ha ve also been obtained 
bv Chow and Zhand (J2003l ) for so-called face-to-face passage times, and bv lGaret and Marchand 
( 20071 ) for the chemical distance in bond percolation clusters. We should mention that it does not 
follow from the proof we present whether E[y°] < 00 is a necessary condition for the conclusion 
of Proposition 11.31 or not. 

In fact, it is possible to prove something stronger that Proposition 11.41 We will introduce 
what could be referred to as point-to-shape passage times, which we define as 






inf <^T(0,z) : zGZ'^ with Izl > 



n 



/i2d(z/|z|) 



This definition only makes sense when fii^d{-) > 0, which is known to hold when P(Te = 0) < 
Pc{d), where Pc{d) denotes the critical probability in bond percolations on the Z'^ lattice. For 
these cases, Tq^ equals the time it takes to reach a vertex at the boundary of, or outside the 
blow-up nW* of the shape W* . In the light of the Shape Theorem, it natural that (see Section[3]) 



lim 

n— >oo 



-'0,n 



n 



1, almost surely. 



:i.5) 



In fact, the following is true, from which Proposition 11.41 con ies as a, n easy corollary. Our proof 
of this result is heavily influenced by the proof presented in iKesterj ( 19861 ) for the case x = ei 
of Proposition 11.41 



Proposition 1.5. For any e > there exists a = a[e) < 00 and (3 = 13(e) > such that 

e)n) < ae"'^", for all n > 0. 



PiTZ<{l 



1.4 Dynamical first-passage percolation 

We will also consider a dynamical version o f first-passage percolatio n. This is inspired by so- 
called dynamical percolation introduced bv iHaggstrom et al.l ( 19971 ). From bond percolation, 
dynamical (bond) percolation is obtained by allowing the edges of a graph to flip between 
'open' and 'closed' according to i.i.d. Poisson clocks. At each fixed time, an infinite open 
component exists with probability either or 1 (depending on the probability of an edge being 
open). Is this property dynamically stable in the sense that for almost every realization we will 
see an infi nite open component ei ther present or abse nt at all times? This question was firs t 
studied in Haggstrom et al.l ( 1997), and continued by Beniainini. Kalai. and Schramm! ( 19991 ). 
Schramm and Steij ( 2010l ) and ICarban. Pete, and Schramm! ( 2010l ). It is not hard to conclude 
that away from criticality, the answer is 'yes'. However, at criticality, t he Z^ lattice exhibit s 
exceptional times at which an infinite open component exist s , as p roved bv I Gar ban et al.l ( 2010l ). 
In a related work, iBeniamini. Haggstrom. Peres, and Steia (J2003l ) consider similar questions in 
the context of i.i.d. sequences. 



Analogously, we obtain a dynamical version of first-passage percolation by assigning i.i.d. 
passage times, together with independent Poisson clocks, to the edges of a graph Q. When a 
clock rings, the passage time of the corresponding edge is resampled from the same distribution. 
More formally, associate independently to each edge e of the underlying graph a random process 
{Te(s)}s>o defined as follows. Given non-negative i.i.d. random variables {tc }ee£g,j>i and 



(j)i 



.(0) 



i.i.d. rate 1 exponentially distributed random variables {Q }e&eg,j>i, let Ce = for each e 
and define for all e £ £g and s > 



Te{s) :-- 



-U) 



for gd'^) 
fc=0 



fc=0 



By construction, the processes {Te(s)}s>o are independent for different edges, and {Te(s)}s>o 
will sometimes be referred to as the dynamical passage time of the edge e. If Te has probability 
measure z^, then for any s > 0, the distribution of {Te{s)}e£Sg is given by the product measure 
u^^ . Let for each s > 0, T^^' (n, v) denote the passage time between the points u and v with 
respect to {Te(s)}eGfg. It follows that also 

T^"\u,v) = T^'\u,v), forans>0. 

It is natural to think of dynamical passage times as evolving with time. This gives us two 
time dimensions. To better picture the dynamical setting, it may help not to think of Te(s) as 
the tim,e, but as the cost related to crossing e at time s. Then T^'^'lujv) is interpreted as the 
minimal cost to travel between u and v at time s, and \^T^^'{u, v)\-^^ as the evolution over time 
of the cost for the passage between u and v. 

On the Z"^ lattice P^I]) states that if E[y'^] < 00, then 



s>0 



lim sup 

1 zeZ'*: |z|-!>oo 



r(^)(o,z) 



/^Zd(z/ 







1, for each s > 0. 



An application of Fubini's theorem strengthens this to 

r(^)(o,z) 



lim sup 

.zeZ'^: |z|-5.c 



/^z<^(z/|z|) 



for Lebesgue-a.e. s > =1. 



Our next result states that this can be strengthend to hold for every s > 0. The Shape Theorem 
is so to say dynam,ically stable with respect to the dynamics introduced. The same is true for 
the almost sure convergence in part h) of Theorem 11.21 

Theorem 1.6. For any d >2 there exists a universal constant Ra such that the following holds. 

Let X G S and let lo : [0,cx)) — )• [0, 00) be a convex or concave function such that Lo{a) — )• 00, 
as a —7- 00. Consider first-passage percolation on the subgraph Q of the Z"^ lattice induced by 
U„>o5(ai,w(a) +i?rf). //E[y^] < 00, then 



lim sup 

zGVe: |zKc 



r('*)(o,; 



Hz4z/\z\) 



for all s>0] = 1. 



Like part b) and c) of Theorem II. 2| we will prove Theorem 11.61 under the somewhat stronger 
assumption that E[Tg] < 00. See also Remark l6.4i 



1.5 Outline of proof and paper 

The two main results of this paper, Theorem 11.21 and II. 6t together extends the Shape Theorem 
in three different directions. The three extensions are consequences of the following tasks: 

1. Prove that the convergence in (jl.4p holds almost surely, in L^ and completely. 

2. Prove that the almost sure convergence in ()1.4p is dynamically stable. 

3. Prove that the convergence also holds on the cone-like subgraphs we consider. 

We will prove task 1-3 step by step. We recall the reader that the almost sure convergence 
in ()1.4p is equivalent to the Shape Theorem. The L^-convergence is normally not emphasized, 
but can be deduced in the same way. The novelty in task 1 is the complete convergence. Note 
that, for the Z lattice, complete convergence would follow easily from standard large deviation 
principles under the stronger assumption that E[e°'^'=] < oo for some a > 0. 

The accomplishment of the three tasks will proceed along the following lines. 



Section 3 Obtain the large deviation estimate in radial directions given by Proposition 11.31 
and 11.41 This is sufficient, together with existing proofs of the Shape Theorem, to obtain 
complete convergence in (|1.4p under the condition that E[y''^^] < oo. This would complete 
the first of the three tasks above. 

Section 4 Show that the radial almost sure and L^-convergence in ()1.2p extends to cone-like 
subgraphs of the lattice. In the same way we extend the large deviations estimate obtained 
in Section[3l The results are easily obtained for rational directions, i.e., x G U , whereas 
the general case, x G S'^"^, is harder. With this we take the first step towards an analogue 
of ()1.4p for the cone-like graphs in consideration. 

Section 5 Here we prove that the almost sure convergence in radial directions, which is given 
in ()1.2p and extended in Section HI is dynamically stable. A dynamically stable version of 
(jl.2p is sufficient, again together with existing proofs of the Shape Theorem, to obtain a 
dynamically stable version of ()1.4p under the condition that E[y ] < oo. This completes 
the second task. 

Section 6 Finally, we complete the proof of Theorem 11.21 and 11.61 In addition to the results 
obtained in Section U] and O the missing piece is a geometric argument needed to prove 
Lemma [6. 2 1 The assumption E[Tg ] < oo is used in the proof of Lemma [6.2l and only there. 
That assumption is made to avoid additional technicalities. As mentioned, under even 
stronger moment assumption, also the geometric argument is redundant. Together with 
the work carried out in Section HI the third task is accomplished. 

First of all, we dedicate Section [2] to recall some additional facts about first-passage percolation, 
as well as introducing some notation, that will recur in the rest of the paper. 



2 Preliminaries 

Consider first-passage percolation on the Z"^ lattice. For the purpose of this paper it will suffice 
to consider the case when E[y] < oo, where Y is as defined in ()1.3p . That E[y] < oo is sufficient 
to obtain E [T(0, z)l < oo for any z £ Z*^ is given by Proposition 12.51 below. An very central 
concept in first-passage percolation is the subadditive property, that is, that 

r(x, y ) < r(x, z) + r(z, y) , for any x, y , z G M'^. 

The property is immediate from the definition of first-passage times, and holds for first-passage 
percolation on any graph. Let U'^~^ C S'^"^ denote the set of z G S'^~^ such that z = z/|z| 
for some z G Z . In (|1.2p the time constant fiid{z) was defined for z G U as the almost 
sure limit of T{0,nz)/n as n — )• oo. Existence of the limit is a consequence of the Subadditive 
Ergodic Theorem, and crucially based on the subadditive property. Alternatively, lJiid{z) equals 
lim„_^oo E [r(0, nz)] /n = inf„>i E [T(0, nz)] /n. This is a more elem entary conseq uence of the 



convergence of real- valued subadditive sequences, realized already bv iFeketd (|1923l ). Existence 
of the limit is easily extended to x G S as follows. By subadditivity and lattice symmetry. 



E[T(0,ni)] E[r(0,ny)] 



n 



n 



< 



< 



E [T(nx, ny)] 



n 



E [r(0,ei)]||nx-ny| 



(2.1) 



n 



Now, assume that x G S"^ ""^ and y G U*^ ^, let n 

E[r(0,ni)] _ 



3^Z' 



d X 



lim 

n— >oo 



n 



y&]<^ 



< (iE[r(0,ei)]|x-y|. 
-)• oo, and conclude that 

lim fJ'Z'^i'y)^ foi' ^''^y X G S' 

' : y-!>x 



d-1 



From ()2.ip we also conclude, letting M = dE [r(0,ei)] and sending n to infinity, that 



U2d(x) - /X2d(y)| < M|x - y|, for ah x,y G S' 



d-l 



(2.2) 



(2.3) 



Hence, the time constant is Lipschitz continuous on S'^^^. The time constant is also known to 
be continuous with respect to weak convergence of passage-time distributions. This fact will be 
used in order to prove dynamical stability in Theorem II. 6[ Let V,Fi,F2, . . . , F^o denote passage 
time distribution functions, and let //^^ denote the time constant on the Z'' lattice associated 
with the distribution F. 

Proposition 2.1 dCox and KestenI (Il98lh l. //F„ 

■^-(x). 



Foo weakly, then for every x G §' 



d-i 



^"^x) 



as n 



oo. 



Remark 2.2. The proposition was proved, for d = 2 and x = ei, in ICoxl (1980|) under the 
assumption that there exi sts a distribution V < Fn, for all n, with J^ (l — V{u)^du < oo. That 
con dition was rern oved in lCox and KestenI ( 198ll ). The proof extends to all ci > 2 and directions 
(cf. iKestenI (jl986l . Theorem 6.9 and Remark 6.18)). D 



2.1 The trivial coupling 

There is a very natural coupling between passages times on a graph and its subgraphs. We will 
throughout this paper assume passage times on a graph are coupled with passage times on its 
subgraphs in this way. We are interested in the Z lattice and subgraphs thereof. We will next 
present the coupling, and some notation, which will be in force for the rest of this paper. 

Let Si^d denote the edge set of the l/ lattice, and let {Te}e<^s d ^e a family of i.i.d. non- 
negative random variables associated with the edges of the Z'^ lattice. Let ^ be a subgraph of 
the Z lattice, with vertex set Vg and edge set £g. In particular, Vg C Z and Eg C S^^d. For 
X and y in Vg, let Tg(x,y) denote the first-passage time on Q between x and y with respect to 
the set of passage times {rgjeef ^ • This generates a simultaneous coupling of first-passage times 
among all subgraphs of the Z"' lattice. In particular, if Qi is a subgraph of the U^ lattice, and 
Q2 is a further subgraph of Qi , then 

Tg, (x, y) < Tg^ (x, y ) , for all x, y € Vg^ ■ 

If ^ is a subgraph of the Z lattice induced by a set B C R"^, then we define Tg(x, y) = rg(x*, y*) 
for any x, y G S, where x* and y* denotes the points in i? n Z closest to x and y. 

We will also use some additional notation. We will let T{-, ■) denote T^d{-, •) for short. For 
K > 1 and z £ U"^"^, we will let Tx,z("r) denote passage times on the graph induced by 
\J^^^B{az,K), and referred to as the {K,d,z)-tube (more on this graph in Section [231) . For 
K > 1 and x, y G R , we will let ^^(x, y) denote the passage time between x* and y* on the 
subgraph of the Z"^ lattice induced by the set Uaefo il B[:x* + a(y* — x*),K) . In all these cases 
we assume the above coupling present. In particular, for any K > 1, z ^ Z , and with z = z/|z|, 

T{mz,nz) < rxz(mz,?iz) < Tx(mz,nz), for any ???-, n G Z. 

When we consider dynamical passage times {re(s)}eef ^ in Section E] and El the analogous 
coupling to the above one will be assumed to be in force. The notation above will be adopted 
also in this case, with an additional superscript (s), as in Tg {■, •), to indicate that dynamical 
passage times are considered. 

2.2 Geometry of the lattice 

We will in this section deduce some basic properties of the graphs we consider, such as connec- 
tivity. Furthermore, we will also describe what requirements are necessary for the entities we 
are interested in to have finite moments. 

Lemma 2.3. For z G Z and r > \/d, the subgraph of the Z lattice induced by Uaefo il B{az, r) 
is connected. 

Proof. Let r > \/d. Observe that for any x G R*^, the graph induced by B{'K,r) is connected 
and nonempty. Moreover, Z'^ n IJ^grQ^i i?(az,r) can be written as a union of B{ajZ,r) for 
finitely many j's. Since the induced graph of each B{ajZ,r) is connected, it suffice to choose an 
increasing sequence of Oj's such that B{ajZ, r) n i?(oj+iz, r) n Z'^ / 0, for each j. D 

Given x G R'^, recall that x* denotes the point in Z'^ closest to x. Clearly |x — x*| < ydjl. 
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Lemma 2.4. There exists Rd < oo such that for each z G Z and b,c > 0, there are 2d 
disjoint paths between (bz)* and (cz)* contained in the subgraph of the U^ lattice induced by 
Ua&[b,c]B{az,Rd). 

From now on and throughout the paper, R^ will be considered as a fixed constant choosen 
as in Lemma [22 



Proof. Set y = (cz)* — (6z)*. Pick 2d — 1 points xi, . . . ,X2d-i G Z such that the 2d tubes 
Ua6[o,i] B{{bz)* + ay, Vd), and Uae[o,i] -^(^J + "y' ^) ^°^ -^ = 1,2,... , 2d - I are pairwise 
disjoint. Since each tube is connected, by Lemma 12.31 we obtain 2d paths from (bz)* to (cz)* 
by connecting (bz)* and (cz)* by disjoint paths to Xj and y + Xj, respectively. If the points 
xi, . . . ,X2d-i are chosen at distance at most M from {bz)* , then the 2d paths will be included 
in Uae[o,i] B{{bz)* +ay,M + Vd) . Thus, it suffices to choose Rd>M + 3Vd/2. D 

We now turn to questions regarding conditions for existence of finite moments. For any 
z G Z'^ \ {0}, we have P(r(0,z) > s) > P(y > s). It is therefore immediate that for any a > 

E[y°] = oo ^ E [r(0, z)"] = oo. 

The converse is also true. 

Proposition 2.5. Let z G Z'^, m,n € Z, a > 0, and set z = z/|z|. When E[y"] < oo, then 

E [r(0, z)"] < oo, E [TK,iimi, nz)"] < oo, and E [T^O, z)"] < oo, for K > Rd. 

Proof. One may easily realize, e.g. via induction, that there are 2d disjoint paths between and 
z of length at most ||z||i + 8. Let F denote the longest of the 2d disjoint paths between and 
z, and let A denote its length. Then 

P(r(0,z) >s) < P(r(F) > sf^ < A2'^P(re > s/Xf^ = X'^'^P{Y > s/X), (2.4) 

where the second inequality holds because if r(F) > s, then for at least one of the A edges Tg > 
s/X. Moreover, for any non-negative random variable X, then E[X"] = a f^ x°'~^P{X > x) dx 
for a > 0. In particular, 

oo 

E[X"]<oo <^ ^n"-^P(X>n) <oo, (2.5) 

n=l 

We conclude that E[y"] < oo implies E [T(0,z)"] < oo. In combination with Lemma |2.4| the 
other conclusions follow in a similar manner. D 

Theorem II. 21 and II. 61 will be proven under the assumption that E[Tg] < oo. That assumption 
simplifies the presentation somewhat, since Chebychev's inequality applies. The same inequality 
can be applied to find that indeed 

E[Tf] < oo => E[F^'^] < oo. (2.6) 
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2.3 Tube convergence 

In this section we shall review some results from lAhlberd ( 20101 ) that will be needed in the 



present paper. In that paper, the key to understand the behaviour of first-passage times on 
essentially 1-dimensional periodic graphs was to identify a regenerative structure. In this paper, 
we will have a particular interest in the graph induced by the set UaeM B{az, K), above referred 
to as the {K,d, z)-tuhe. Its regenerative structure is specified in the following result. 

Proposition 2.6. Assume that K > R^, z G Z'^ and z = z/|z|. There is a sequence of non- 
negative integer-valued random variables {pj}j>o such that 

a) TK,i,{0,Pjz) -rx,z(0,Pj-iz) = TK,i.ipj-iz,pjz). 

^) \ (^i^z(Pj-iz,Pjz),pj — pj^ij > forms a sequence of i.i.d. random elements. 

The behaviour specified in the above proposition is referred to as a regenerative behaviour. 
In particular, Tx^(0, p^z) can be written as a sum of independent variables 

n 
TK,z{^:PnZ) = Tk,z{0,Poz) + ^TK^i.{pj-lZ, Pjz) . 

i=i 

This can be exploited in order to approximate the value of Tft'^z;(0,riz). Indeed, T^-.zCO, nz) can 
be approximated by 7i^,z(0iPiy(n)z), where 

i/(n) := min{j G N : pj > n}. 

Since {pj}j>o is an increasing sequence, we must have that u{n) < n. Define further 

E \T X i{pj -iz, pjzyi 

Pk{z) := — r-p=T7 ] — , and A^ := Tk,z{Pj-i'^, Pjz) - |z|/_ix(z)(pj - Pj-i). 

|z| bj[pj - pj_i\ 

Proposition 2.7. The sequence {pj}j>o can be chosen such that the distributions of Pi^f^) ~ ''^ 
and Tx^z{nz, Pj^i^\z) does not depend on n, and such that for any a > 1 and j > 1, 

a) E [{pj — pj_i)"] < oo and E [(p;^(„,) — n)"] < oo. 

b) i/E[y"] <oo, then 

E [Ta',z(pj-iz,Pjz)°] < oo, E [rA',z(nz,/3j,(„)z)"] < oo, 



E[|Aj|"] <oo, E 



|^K,z(0,poz) - |z|/>o/^i^(z)| 



< oo. 



Moreover, ifE[Y] < oo, then E[Aj] = for all j > 1. 



Th e regenerative behaviour described in Proposition 12.61 and 12.71 was deduced in lAhlberg 
(2010|) and used to prove the following limiting behaviour. 
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Proposition 2.8. Let K > Rd and z G U''"^ //E[F] < oo, then 

lim — - — ^ = /xx(z), almost surely and in L . 

n^oo n 

The same conclusion holds for rxz(0,nz) exchanged for rx(0, nz). 

The above theorem was proved for so called essentially l-dimensional periodic gra phs. The 



(K,d^ z)-tube is an example of such a graph. The statement regarding Tf<(0, nz), was in lAhlberg 
( 2010l ) not directly stated. However, it is easily seen to follow analogously. Proposition [21 



could in fact be derived from the Subadditive Ergodic Theorem. However, the approach using 
regenerative sequences allows for much more detailed picture to be derived. A central limit 
theorem and a law of the iterated logarithm are two examples of additional results obtained in 
Ahlberd toidi ). 



There it was also seen that /Ux(z) > /i2d(z) for all K. However, as K increases the constants 
approach eachother. This fairly simple con sequence the subadd i tive b ehaviour will be essential 
in this paper. It wa s indicated already in 



Chaves and Chavea ( 19841 ). and proofs appeared 



m tnis paper, it wa s maicated aireaay m unayes ana unavea (|ib)o4M ). ana proois appeared m 
Ahlberd (J2008l . l2010l ): IChatteriee and Devi ( 20091 ). Due to its central role to this paper, we recall 



the proof also here. 

Proposition 2.9. lim /Ua'(z) = /igd(z), for all z G U' 
A'— >oo 



d-1 



Proof. Clearly Tx(0, nz) is decreasing in K. For all n we get 

r(0, nz)= lim Tft:(0,nz)= inf Tx(0, nz), almost surely. 

/<— >oo K>0 

An application of the Monotone Convergence Theorem gives 

ErT(0,nz)l = lim ErTA-(0,nz)l = inf E r7>(0,nz)l . 

K^oo K>0 

By Fekete's lemma 3 lim„_s.oo an/n = inf„,>i a„/n, for any subadditive real-valued sequence 
{«n}n>i- Hence, for any < K < oo 

E[rx(0,nz)] . E[fk(0,nz)] 

/ix(zj = lim — = mi — -. 

n— >-oo n n>i n 

(Here /ioo(z) refers to fj,^d{z), and Too(0,nz) to r(0,nz).) Thus, since fix is non-increasing in 
K we conclude that 

E[THO^ . , . , E[fK(0,nz)] 
hm UK ('2') = mt mi — = mi mt — 

K^oo K>On>l n n>lK>0 U 

■ , E[r(0,nz)] 
= mf = Mz^z). D 
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3 Large deviation estimates for the lattice 

The aim of this section is to prove Proposition 11.31 11.41 and 11.51 The proof of the first of the 
three will be based on a characterization of the rate of convergence of large deviations of i.i.d. 
sums. The characteriza tion i s a ge neralized version of a result due to Hsu, Robbins and Erdos. 
We refer the reader to iGutI (J2005l . Theorem 12.1) for a more complete statement as well as a 
proof. 

Theorem 3.1. Let Xi,X2, . . . be i.i.d. random variables with mean /x, and let Sn = Yl^=i-^k- 
For a > 1, the following are equivalent. 

a) E[|Xfc|"] <oo. 

b) J2n=i n^-^PilSn - Ain| > ne) < oo, for all e > 0. 

c) 12"^=! n"~^P( maxi<fc<„ \Sk - fJ.k\ > ne) < oo, for all e > 0. 

The proof of Proposition 11.51 will be an adaptation of a proof given in iKestenI ( 19861 ) of a 



less general statement. Proposition 11.51 will be derived under the additional assumption that 
E[y ] < oo, and the reader is referred to Kesten's paper to see how this assumption can be 
avoided. The details of how Proposition 11.41 follows from Proposition 11.51 are easy to sort out, 
and therefore left to the reader. A proof of ()1.5p will also be presented. 

3.1 Above the time constant 

In order to derive the large deviation es timate fo r the Z '^ lattice, we will first do so for tubes. 
The following result was not included in lAhlbergl (2010|), but will be proved by similar means, 
based on Proposition 12.61 and 12.71 

Proposition 3.2. Let K > Rd, z e U'^'^ and a > 1. //E[y"] < oo, then 

oo 

y ^ n"~ P( |Tft-,z(0) ^z) — n//i^(z)| > ne J < oo, for any e > 0. 

n=l 

Proof. Fix z € Z such that z = z/|z|. Let ?n,„ := min{m G N : \z\m > n}. Clearly < 
\z\mn — n < |z|. Due to subadditivity. 



TK,ziO, nz) - n/ii^(z) < Tft-^g(nz, m„z) + Tx^zininZ, Pu{m,,)Z 



+ 



rA',z(0,Pj.(m,„)z) - |z|/5i.(m.„)/^i^(z] 



(3.1) 



+ \z\iik{z) 



Pu{mn) ~ "^" 



+ fJ-Kiz) 



z\mn — n 



If we denote the terms in the right-hand side of (|3.ip by Xi , X2 , ■ ■ ■ , X^ , then it suffices to show 
that for each j = 1, 2, . . . , 5 



^n"-2p(Xj > ne/5) < 00. 



(3.2) 



n=l 
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The last term in the right-hand side of ()3.ip is nonrandom and bounded. Thus P{X^ > en/5) = 
for large n. Thus, (|3.2p does hold for j = 5. According to Proposition 12. 7| Pu{m„) ~ "^n has 
finite moment of any order, and its distribution does not depend on n. Thus, ()2.5p implies that 
holds also for j = 4. 
The only term that is essentially contributing is that for j = 3. Since i'{m) < m, we have 



P(X3 > en/5) < P ( max Tk, z,{0, piz) - \z\pifiK{z) > ne/5 ] 

\l<mn / 



< P Tk,z{0,poz) -\z\popk{2] 



+ max 

i<'m„ 






> ne/5 



< P 



Tk,z{0, pqz) - \z\popk{z) > ne/10 + P max 



i<m„ 






> ne/10 



According to Proposition 12.61 and 12.71 the sequence {Aj}j>i is i.i.d., and both Tx^z^O, poz) — 
|z|/9oM_K'(z) and Aj (for j > 1) have finite moments of order a. Thus, via (|2.5p and Theorem 13. II 
(respectively) we conclude that (|3.2p holds for j = 3. 

That ()3.2p holds for j = 2 and j = 1 will follow in a similar way from ()2.5p as for j = 4. 
Again, Proposition 12.71 gives that the distribution of X2 = Tft'^z(mz,p^(„^)z) does not depend 
on m, and has finite moment of order a. Finally, the distribution of Xi = rj^z(nz,77i.„z) may 
depend on n. However, it can only vary among a finite number of different ones, each with finite 
moment of order a (there are 2d disjoint paths between nz and r?T,„z, due to Lemma l2.4p . D 

We will derive Proposition 11.31 from the estimate on the deviations from the time constant 
on tubes, that we have just proved. 



Proof of Proposition 11.31 Let e > 0, o > 1 and assume that E[y"] < cx). We will first prove 
that for any z G U'^"^ 



^n"-2p(r(0,nz) > {p^d{z) + e)n) < 00. 



n=l 



Take K large enough for pk{^) ^ Pz'^i^) + f (which is possible according to Proposition 12.9 
Then, 

00 00 

J]]n"-2p('r(0,nz) > (/X2d(z) + e)n) < ^n°-2p('r(0,nz) > (/ii^(z) + e/2)n) 

n=l 

00 

< J^n°-2p(T;^,,(0,7iz) > (Mi^(z) + e/2)n), 



n=l 



n=l 



which Proposition 13.21 savs is finite when E[y°] < 00. 

We proceed with the general case. For x G S'^~^, take z € U'^^^ such that |x — z| < e. Now 

T(0,nx) — n/i2d(x) < iT{0,nz) — np^d{z)] + T(nz,nx) + nip^d{z) — p^d{x)] 
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According to 12.31 we have nm^d{z) — /^^^(x) < dE [T(0,ei)]?ie. We will show that for some 
M <oo 



^n''-2p('r(nz,nx) > Mne) < oo. (3.3) 

n=l 

All of the above then easily gives that 

^n"-2p('r(0,nx) -n/i^d(i) > (l + M + dE [r(0,ei)])ne) < oo, 



n=l 



which is sufficient since e > was arbitrary. It remains to prove ()3.3p . 

Choose a path between (nz)* and (nx)* of length A^ := ||(f^x)* — (nz)*||^. Let vo,vi, . . . ,vx„ 
denote the sequence of vertices in the path. Subadditivity gives that 

T(nz,nx) < ^T{vj-i,Vj) < ^f (t;j_i,?;j), 
j=i j=i 

where T{vj-i,Vj) = min (T(ri), r(r2), . . . ,T(T2d)), and ri,r2, . . . ,T2d denotes the 2d disjoint 
paths between Vj-i and Vj of length at most 9. The variables T{vj-i,Vj) and T{vi-i,Vi) are 
not necessarily independent for i ^ j. However, they are if \vj — Vi\ > 4v2. Since |j — i| = 
\\vj — ■Willi < d\vj — Vi\, they will be independent when \j — i\ > 4d\/2. We can therefore 
partition {0, 1, ... , A^} into at most 8d\/2 + 1 < 13d sets Ji, J2, . . . , Jisd, such that for each 
i = 1,2, . . . , 13d, the elements in \T(vj-i,Vj)\ . , are independent. Each Jj contains at most 

An < ri(vd + ne), which for large n is at most 2dne, indices. Thus, since when E[y°] < 00 also 
E \T{vj-i,Vj)°''\ < 00, Theorem 13.11 assures that 

^n""2p ^f{vj-i,Vj) > (E[f(0,ei)] +l)2(ine| < 00. 

n=l \3eJi j 

We conclude that 

00 
^n'^-'^V (T{ni.,ny.) > 26d(E[f{0,ei)] +l\dne] < 00. 

n=l 

This proves (|3.3|) . D 

In preparation for Section dj we also prove that radial L^-convergence holds in any direction 
on the Z lattice. The proof of which is similar to the proof of Proposition 11.31 

Proposition 3.3. Let x G S"*^^ and d>2. IfE[Y] < 00, then 

T(0,nx 



lim E 

n— >oo 



n 



/i2d(x) 



0. 
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Proof. Let e > and take z € U such that |x — z| < e. As in the proof of Proposition II .31 we 
have 

|T(0,nx) — n^2d(x)| < \T{0,nz) — nfi^d{z)\ +T{nz,n-k) + n\fj,^d{'x.) — fi^d{z)\ 

An 

< |T(0,nz)-n//zd(z)| + ^f{vj-i,Vj) + dE [r(0,ei)]ne, 

i=i 

where A^ = ||(?^x)* — (nz)*||^ < d(^\'d + n|x — z|). Together with ()1.2p . we obtain that 

r(0,nx) 



hm E 

71— ^-OO 



n 



/^z^x, 



< d E[r(0,ei)] + E[r(0,ei)] e. 



Since, E [T(0,ei)] < oo when E[y] < oo, and e > arbitrary, the L^-convergence follows. D 

3.2 Below the time constant 

We first present a proof of (jl.Sp . We will prove (jl.Sp and Proposition 11.51 under the additional 
assumption that E[y^] < oo. With this assumption, the derivation of (jl.5p and Lemma FS.SI below 
can be simplified somewhat, since it enables us to appeal t o the Shape Theorem directly. An 
alternative version of the Shape Theorem (see iKestenI ( 19861 )) can be used to obtain our results 



without moment assumption. The reader can in Kesten's paper find the additional details that 
are needed in that case. 

Proof of (jl.Sp . Assume that E[y ] < oo. By definition, we easily obtain that, almost surely, 

_^ — • ~ — r 1 , as It — r CXJ . 

n n n ? — 7 + 1 



So, it suffice to show that 



liminf — — > 1, almost surely. (3-4) 

n— >oo n 



Assume that there is 5 > such that 

liminf ^^ < 1-6 (3.5) 

n— >oo fi 

has positive probability. For any realization satisfying (|3.5p there are ni < 722 < . . . such that 
To^^/nfc < 1 — 6/2. In particular, we can pick zi, Z2, . . . such that z^ G y^n,^{i-S/2) and 

Zfc > 



Zd[Zk/\Zk\) 

for each k = 1, 2, . . .. The Shape Theorem says that with probability one 

W„(i_5/2)^n(l-V4)W*, (3.6) 
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for any n sufficiently large. Thus, there are realizations satisfying both ()3.5p and ()3.6p . But, ()3.6p 
implies that for all n sufficiently large, if z € y^n(i-5/2) i then 

n(l-V4) 
which is a contradiction. Hence, ()3.4p must hold. D 



We now prepare for the proof of Proposition 11.51 That will require to extend the definition 
of point-to-shape passage times somewhat. Assume that fi^d{ei) > 0. For any x, y G Z'^, let 
ti(y — x) = (y — x)/|y — x|. Define for any z G Z and integers < n < m 

,>V . . . „ I „, . , , . n , , , , m ' 



Tn.mi^) ■= inf < T(x, y) : |x - z| < ^- — and |y - z| > 



/i2d(u(x-z)) fi^d{u{y - z)) j ' 

For short, we write T,^ = T,^(0). One should think of T^^ as the minimal travel time 
from some vertex within nW* to some vertex at the boundary, or in the complement, of mW* . 
Following Kesten's approach, the first step in proving Proposition 11.51 is this next lemma. 

Lemma 3.4. Let X^ j^.j^^ for q = 1,2, .. . denote independent random variables distributed as 
'^l^N+M ■ '^here exists C < oo such that for any n > M > N > and x > we have 



Q+l>n/{M+CN) ^ ' \g=l 



JVy I Z^ N,N+M 



The proof of this lemma does not require any moment assumption. 

Proof. Pick z G Z such that |z| > n/fi^d{z), where z = z/|z|. Let 7 = 7(z) be a self-avoiding 
path from to z. Choose a subsequence vo,vi, . . . ,vq of the vertices in 7 as follows. Set vq = 0. 
Given Vg, choose tig+i to be the first vertex in 7 succeeding Vg such that 

M + 2N 

\Vq+l -Vg\> 



H^d{u{Vg + l-Vg)) 



When no such vertex exists, stop and set Q = q. To find a lower bound on Q, pick a plane 
tangent to afj,id{z)W* at the point az and denote it by H[a,z). That at least one such plane 
exists follows from convexity of W*. Take a^ G M such that Vg G H{aq, z) for each q = 0,1, . . . ,Q. 

It is easily seen that ag < q ( — =t_. -|- 1 1 . Moreover, z G H{a, z) for some a satisfying 



M + 2N ,^ ,fM + 2N 

n^L^d{z) < a < aQ + -— < Q + 1 -:- + 1 

Hldiz) V /^z^z) 

In particular, since /i^d(z) < \/dfi'^d{ei), we see that Q must satisfy 

n < iQ + l)(^M+{2 + Vdnzd{ei))Ny (3.7) 
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Next, pick r > such that [—r^rf ^ W* and tile H^ with copies of {—rN,rNY such that 
each box is centered at a point in U^, and each point in Z"' is contained in precisely one box. 
Let Ag denote the box that contains Vq, and let Wq denote the center of Ag. Of course, the tiling 
can be chosen such that wq = vq = 0. Denote by 7^ the part of the path 7 that connects Vq 
and fg+i. Note that for qi 7^ 52 the two pieces 7^^ and 7^3 are edge disjoint. By construction Vq 
is included in the copy of NW* centered at Wq. Moreover, fg+i is not included in the interior 
of the copy of (M + 2N)W* centered at Vq. By convexity of W*, fg+i cannot either lie in the 
interior of the shape (M + A^)W* centered at Wq. That is, 

N , , , M+N , , 

\'Vq-Wq\ < 1— "Y and \Vq+l - Wq\ > ^- -y • (3.8) 

Given x > 0, Q £ Z+ and wi, . . . , wq-i, let A{x, wi,W2, ■ ■ ■ , wq-i) denote the event that there 
exists a path 7 from to z which contains edge disjoint pieces 70, 7i, • • • , 7q-i such that 

h) for each q = 0,1, . . . ,Q — 1, the endpoints Vq and Ug+i of 7g satisfy p.Sp (where wq = 0). 
Since T{j) > X^zTq T{'jq), together with ()3.7p . we obtain that 

{r(0,z)<x}c (J IJ A{x,wi,W2,...,WQ-i) (3.9) 

Q+l>n/{M+bN) wi,W2,...,WQ^i 

where 6 = 2 + Vdfi^d{ei). Note that given Wq, the passage time of any path between vertices x 
and y such that Ix — tt;„| < 7—! vr and ly — ttiol > T—r- tt is stochastically larger than 

'^'nn+m- Hence, for fixed wq, wi, . . . , wq-i, the event A{x, wi,W2, ■ ■ ■ , wq-i) has probability at 
most 

^y^N,N+M + ■^N,N+M + ■ ■ ■ + ^N,N+M < ^j ■ (3.10) 

It remains to countthe number of possible choices for wi,W2, ■ ■ ■ , wq-i. Assume that Wg has 
already been chosen. The distance which the vertex fg+i can have to Wq is bounded by 

, , , M + 2N N 

\Vq+l-Wq\ < \Vq+l - Vq\ + \Vq - Wq\ < — VT + ^ + Fl VT " 

/igd [u{Vq+l - Vq)) H^d [u{Vq - Wq)) 

In particular, Vg+i is contained in the cube centered at Wq of side length 

^^^ M+{3 + fi^4ei))N 

This cube is intersected by at most {CM/N) boxes of the form {—rN, rN] that tiles Z , for 
some C < oo. This bounds the number of choices for Wq^i, and since for each q = 1,2, . . . ,Q — 1 
we cannot have more choices than this, the total number of choices for wi,W2, ■ ■ ■ ,wq-i is at 
most (CM/A^)'^('3-i). p^^^^ ^^ ^^^ ([330]) we conclude that 



P(r(0,z)<x)< Yl [<^n) p E<Wm<^ 



d(Q-l) 

I 

Q+l>n/{M+CN) "^ "■ '' \q=l 
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for some C < oo. The lemma now follows observing that, by convexity of W*, the number of 
z S Z'^ that satisfies |z| > n/fi^d{z) and has a neighbour within nW* are of order n'^~^. D 

Lemma 3.5. For any e > 0, there exists r] = r]{e) > such that 

hm max Pfe^+jv/ < M{1 - e)) = 0. 

Proof. We will prove this lemma under the additional, but not necessary, assumption that 
E[y ] < CO. For z € Z with |z| < iV//Li2d(z), let 7 be a path from z to some point y with 

|y|>(iV + M)/^^.(y/|y|). Clearly 

Tf.N^M < r(0,z)+T(7). 
In particular, we may pick z G NW* and 7 = 7(z) such that T(7) = T'^^_^j^. It follows that 

T^M < T^N+M < max <^ r(0, z) : z with |z| < -— \ + T^^m+n- 

By ([LS]), p(T(]^/ < A/(l - 6/2)) ^ as M ^ 00. Thus, it suffices to prove that 

P (max ir(0,z) : z with |z| < i > eAf/4 ) ^ 0, as M -^ 00. (3.11) 

However, the event in (|3.1ip is contained in the event {NW* ^ V^eM/A}- According to the Shape 
Theorem, the probability of this event tends to zero as M — )■ 00 for any A^ < (1 — (5)eM/4, and 
(5 > 0. Hence, the result follows for any r] < e/4. D 

Proof of Proposition 11.51 Fix e > 0. Let AJy^_(_j,j, Xj^ j^_^^.j, . . . , X^^_^j^j and C < 00 be as 
in Lemma |3.4| and choose 1] = ri{e) according to Lemma 13.51 Let 



N = min 7?M, 



Me 

Markov's inequality and independence give that for any 7 > 

Q 



p E^).Vm<"(1-^) ^ «""^'"^^E 



,9=1 

< ^^{M+CN){l-e) 






MM+CN)il-e) I^^^^Mil-e/2) ^p(^x^l)^_^,, < M{1 - e/2)))" 

Since CN — Me/2 < —Me/4:, the expression within square brackets is at most 

g-7M./4 ^ e(^+^^)^*^p(xi}^)^^j^,^ < M(l - e/2)) . (3.12) 

According to Lemma [3. 5 1 we can make this expression arbitrarily small by chosing 7 and M such 
that 7M is large and M is as large as necessary. Fix 7 and M such that A^ > 1 and ()3.12p is at 
most 

(2C)-'^max 



2 8CY'^ 


f.^^'^ 


V e J 


V Af 
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Appealing to Lemma 13.41 with these 7, M and N, we find that 

(Q+l)>n/{A/+CAf) ^ ^ ^ ^ 

< g7(M+C7V) . ^d-1 . 2-rfW(M+CAf)-l)+l 

which is of the required form. D 

4 Radial convergence on cones 

In this section we prove that we have almost sure, L^ and complete convergence in any radial 
direction on cone-like subgraphs of the Z"^ lattice. The result will be stated next, and extends 
several of the previous results stated for the Z'' lattice. It is the first step in the proof of 
Theorem II. 2[ 

Proposition 4.1. Let x G S'^^^, and uj : [0, 00) — )• [0, 00) be any function such that uj{a) — )• 00 
as a — 7- 00. Let Q denote the subgraph of the TL lattice induced by the set IJa>o -^(0^, uj{a)+Rd) ■ 

a) //E[y] < 00, then lim ^ = /_i^d(x), almost surely and in L^. 

n— >oo n 

b) Ifa>l and E[y"] < 00, then 

00 
N^ 7i"~ P( |Tg(0,nx) — ?i/i2d(x)| > nej < 00, for any e > 0. 

n=l 

Two comments. We will not explicitly prove that E[y] < 00 is sufficient for the almost sure 
convergence to hold, but rather remark at the end of the proof on how this can be obtained. 
That E[y^] < 00 is sufficient follows from part b) and Borel-Cantelli's lemma. 

In case x S U , we can easily bound the passage time on the cone between the passage 
time on the full lattice and the passage time on a tube. However, in case x U'^~^, we do not 
know that we have convergence on the tube. Therefore we will have to make use of a shifting 
trick. 

Proof. Let x S § and e > 0. Next, choose z G U such that both |z — x| < e and 
\fij^d{z) — //2d(x)| < e/3, choose I'C > R^ + l such that //a-(z) < /iz<^(z) + e/3, and choose Ji such 
that n|z — x| > 2K + 3vd/2 and | E [2^(0, nz)] — nnxi^)] < ne/3. This is possible according 
to ()2.3p . and Proposition 12.91 and 12. 8^ in that order. In particular, for the z, K and n chosen, 

E[fR-(0,nz)] -n^2d(i) < ne. (4.1) 

We will need to bound Tg{0,mx) from below and above by known entities. In order to obtain 
an upper bound, choose an integer M = M{K,n) such that uj{x) > K -\- n + \/d/2 for all 
X > M. Let x„ = (nx)*, i.e., the point in Z closest to nx. By the choice of M, it is clear that 
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for m > M, the subgraph induced by UaefOnl B{az + Xm,K) is a subgraph of Q. Therefore, 
together with subadditivity, it is clear that 



fc-i 



Tg (O, (M + /cn)x) < Tg{0, Xm) + ^ iV(xA./+jn, XAf+j„ + ?iz) 



j=0 



fc-1 



(4.2) 



J=0 



Recall that |x — x*| < \/d. Since |(xM+jn + nz)* — ^M+(j+i)n\ ^ ^1^ — x| — 3va/2 > 2i^, the 
summands in each of the two sums in the above expression are independent. A lower bound on 
Tg[0, (M + A;n)x) is obtained from T(0, (M + A;n)x). Now, given in > M, set m = M + kmU+am 
for integers k^ > and a.^ G [0, n). The triangle inequality and subadditivity gives 



Tg{0,mx.) 



7d X 



m 



< 



r(0,mx) 



< 2 



771 

r(0, mi) 



/^zrf(x) 



+ 



Tg (0, mx) — T(0, mx) 



r72 



m 



,(x) 



+ 



Tk {{M + kmn)±, mx) 



m 



(Tg{0,{M + kmn)x) \ 



m, 



(4.3) 



When ()4.2p is substituted into (|4.3p . we obtain 



rg(0,mx) 



m 



Atzdix, 



< 2 



r(0, jnx) 



m 



^zd(x) 



+ 



Tk{{M + kmn)x, ?nx) 



m, 



Tg(0,XM) , / J_ V^ fKJ-yJM+jn, ^M+jn + ?^z) _ E [Tft-(0,nz)] 



m 



/Ct- 



i=o 



n 



n 



/e[Ta'(0,?7z)] \ 1 ''^ ^tK(xM+in + nZ,XA/+(j+i)„) 



n 



j=0 



n 



(4.4) 



Denote the terms in the right-hand side of (j4.4p by Xi , X2 , ■ ■ ■ , X^ . 

Part aj. Assume that E[y] < 00, and let m tend to infinity. Proposition 13.31 tells us 
that E[Xi] — )• 0. Since |xm — ^M+kmn\ < V« + |m — (M + fcm?^)| < V" + n, for m, > M, 
and E [TX'(0,z)] < 00 when |z| < vd + n, it is clear that E[X2] vanishes as tti — t- 00. Since 
E [rg(0,XA/)] < 00, also E[X3] vanishes. The fourth term is the average of k^ i.i.d. random 
variables, minus their mean. Its mean is therefore zero. The only terms that do not vanish as 
m — )• 0, are the last two. The fifth term is constant, and at most e, due to ()4.ip . The final term 
Xq is an average of independent random variables, each of which is distributed according to one 
of a finite number of possible distributions. Since 



\{x]\i+jn + nz)* -XM+(j+i)n\\i < (i(3Vd/2 + n|z - x|) < 2dne 
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due to the choice of n, we obtain for each j > that 



Ie 

n 



fK{xM+jn + nz,XM+(j+i)n) < 2dE [fA'-i(0, ei)] e. 



Hence, we conclude that 



hm E 



Tg{0,mx) 



m 



fJ'Z'ii^) 



< (2dE[Tx-i(0,ei)]+l)e 



Since e > was arbitrary, this proves the L^-convergence in part a). 
Part b). Assume that E[y"] < oo. We aim to prove that for each j 



1,2, 



(4.5) 



^n°-2p(Xj >e) <oo. 



n=l 



(4.6) 



For j = 1, this follows combining Proposition 11.31 and 11.41 Since E [rx(0,z)°] < oo for any 
z G Z"', and Tk[{M + /cm?^)x, mx) is distributed according to one of finitely many possible 
distributions (as m varies), it follows from (|2.5|) that (|4.6|) holds for j = 2. For j = 3, (|4.6|) 
follows also from ()2.5p . For j = 4 the same follows from Theorem 13.11 since the terms in X4 
are i.i.d. The term X5 is again constant, so j = 5 is fine. For j = 6 we do not quite have (j4.6p . 
However, since the terms in Xq are i.i.d. with finite moment of order a, and can be dominated 
by a random variable with mean at most 2dE [Tx-i(0,ei)]e, as in (|4.5|) . we have 



n=l 



P(X6> (2dE[7>_i(0,ei)]+l)e) < 00 



We conclude that 



Y^ n"-2p 



m=l 



Tg{0,mx.) 



m 



MzAxJ 



> (2dE [Tk ^i{0,ei)] +6)e) <oo. 



Since e > was arbitrary, the proof is complete. 



D 



Remark 4.2. Here comes an explanation of how to see that E[y] < 00 is sufficient for the almost 
sure convergence in Proposition 14.11 It is easily deduced from (jl.Sp (or Proposition II. 4p that 
liminf„_>.oo rg(0, nx)/n > //^^(x) almost surely. The reason we cannot draw the conclusion 
we wish directly from (j4.4p is that we have not yet proved that E[y] < 00 is sufficient for 
convergence of T{0,'mx.)/m. However, we do not need to know that in order to show, when 
E[y] < 00, that limsup„_j.o^ Tg(0,nx)/n < ;U^d(x). To see this, bound rg(0,7TT,x) from above as 
in ()4.2p . and obtain an upper bound similar to ()4.4p . that does not include T(0, mx). Of course, 
from this it follows that also limm-i>oo ^"(0, mx.)/m exists when E[y] < 00. D 
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5 Dynamical stability of radial convergence 

In this section we consider dynamical first-passage percolation. The key in order to understand 
how dynamical first-passage times behaves, will be to compare them to non-dynamical first- 
passage times. We will start to introduce some notation that will be in force for the rest of this 
section. Recall that {Te(s)}ee£^ d denotes the i.i.d. family of dynamical passage times associated 
with the Z, lattice. Let N^, = N(,{6) denote the number or updates of Te(s) on the interval [0, 6]. 
Clearly Ne ~ Poisson(5) and E[Ne] = 6. Define 

fe := Te(0) • l{7Ve(5)=o}) and fe := sup Te(s). 

se[o,5] 

Let Tg(x, y) denote the passage time between x and y on Q with respect to {fe}e£e a^ and let 
Tg(x, y) denote the passage time between x and y on ^ with respect to {fe}e£S a- Clearly, for 
any 6 > 0, and x, y G M*^, 

rg(x,y) < 4'^(x,y) < fg(x,y), for aU s G [0, 5]. 

The first thing we do will be to compare moments. 

Lemma 5.1. For 5 > 0, a > and q > 1 



E 



min sup ti(s),..., sup Tq{s) 

\s6[0,<5] s6[0,<5] 



< (1 + <5)'?E min(Ti(0),...,r,(0))' 



where ti(s),T2(s), . . . ,Tq{s) are i.i.d. and distributed as Te{s). 

Proof. Since E[X"] = f^ n''-^P{X > x)dx and P( min(Xi, . . . ,X^) > x) = P(Xi > x)' 



for i.i.d. non-negative random variables X,Xi, 
observation. 



,Xm, the result follows from the following 



P sup Te{s) > X 



fe=0 

oo 



max Tg"' > X 



-iJ) 



j=l,...,k+l 



N,. 



k P(iVe = k) 



fe=0 

= P{Te>x)E[l + Ne]. 



k) 



U 



The first step in order to prove a dynamically stable version of the Shape Theorem is to 
show that the almost sure convergence in radial directions is dynamically stable. 

Proposition 5.2. Let x G S , and uj : [0,oo) — t- [0,cx3) be any function such that Lo{a) — t- oo 
as a — 7- CX3. Let Q denote the subgraph of the U^ lattice induced by the set Ua>o ^(ox, ijj{a) + R^^ . 
Lf'Ej\Y] < oo, then, almost surely, for every e > 0, there exists an M = M(e) < oo such that 



r(^)(o,nx) 



n 



Hid{y.) 



< e, 



for all s £ [0, 1] and n> M. 
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The proof of this propositi on is heavily insp i red by the proof of the dynamical version of the 
Law of Large Numbers due to lBenjamini et al.l ( 20031 ) . 



Proof. Fix e > 0. Let Y denote the minimum of 2d independent variables distributed as fg. 
According to Lemma [5711 E[y] < oo implies E[Y] < oo, so the time constants p.^d{x) and /igd(x) 
defined as limits of first-passage times with repect to {rejeeE ^ ^^^ {fejeeE ^i respectively, exist 



■Zd 



Igd' 



and are finite. As 6 tends to zero, the distributions of Tg = Te{5) and fe = fe{S) converges weakly 
to the distribution of Tg. Hence, by Proposition 12. II we can choose 6 > such that 

|Azd(x) -/izd(x)| < e/2. 

According to Proposition 14.11 we can, almost surely, find M = M(e, 6) < oo such that for all 
n> M 

Tg{0,nx.) 



rg(0,nx) 



n 



fiz4^) 



e 
<2' 



and 



n 



/ixd(i) 



e 
<2- 



We conclude that 



T^'\0,nk) 



n 



Mzd(x) 



< e, 



for ah s G [0, 8] and n> M. 



The result in now obtained by covering [0, 1] by finitely many intervals of length 5. 
Similarly, one may derive a dynamically stable version of Proposition 12.81 



D 



Proposition 5.3. For K > R^, z € U'^ -"^ and E[y] < oo, almost surely, for every e > 0, there 
exists an M = M(e) < oo such that 



4^),(0,nz) 



n 



Hxiz) 



< e, for all s G [0, 1] and n> M. 



Proof. The proof is analogous to the proof of Proposition 15.21 The reader may see that it 
goes through smoothly replacing the reference to Proposition 14.11 with Proposition 12.81 and 
Proposition 12.11 with its analogue for {K,d, z)-tuhes, which can be found in lAhlberd ([20101). D 



6 Extending the Shape Theorem to cones 

The proofs of Theorem 11.21 and II. 6 | will na t urally follow the proof of the Shape Theorem closely. 
We follow the approach given in [Howard! ( 20041 ) . An essential step in the proof of the Shape 
Theorem, and subsequently in order to prove Theorem 11.21 and ll.6|, is to show that 



^ P(r(0,z) > M|z|) < oo, for some M > 0. 



(6.1) 



zeZ'' 
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Under the assumption of finite exponential moment, that is E [e "1 < oo for some 9 > 0, this 



follows by standard large deviation estimates for i.i.d. sequences. I Cox and DurrettI (jl98ll ) showed 
that 

E[y'^]<oo <^ ^ P(r(0,z) > M|z|) <oo, for some M>0. (6.2) 

Let Y{z) denote the minimum over the passage times of the 2d edges connected to z. When 

E[y'^] = oo, in fact T(0,z) > Y{z) implies 

Y^ P(r(0,z) >M|z|) > Y^ P(y(z)>M|z|) = oo 



for any M < oo. This proves one implication. Moreover, the Borell-Cantelli lemma gives that 
T(0,z)/|z| > M for infinitely many z € Z . This shows that E[y ] < oo is necessary also for 
(UTID to hold. 

The remaining direction of ()6.2p requires more w ork. The proof can be simplified if we make 
the somewhat stronger assumption E[t^] < oo (as in iKestenI (|l986l )). 



Lemma 6.1. Let Q be a graph, and let x and y be two vertices connected with q disjoint paths, 
each of length at most X. //E[Tg] < oo, then 

p(rg(x,y)>(E[r,] + l)A) < (^'^'' 

(Since there on the Z*^ lattice are 2d disjoint paths from to z of length of order ||z||i, 
Lemma [5TT] implies that E[Tg] < oo is sufficient for (|6.ip to hold.) 

Proof. Denote the disjoint paths by Fi, r2, . . . , Tq. Note that 

E[r(rj)] < E[re]A, and Var (r(rj)) < Var(Te)A < E[t^]X 

for all j = 1, . . . , g. Since Tg(x, y) < T{rj) for each j, we have 

q 
p(rg(x,y)>(E[re] + l)A) < H P(^(ri) > (EN + l)A 

i=i 
/E[T^^'^ 

where we in the last step have applied Chebyshev's inequality. D 

We will prove part b) and c) of Theorem 11.21 ^ind Theorem 11.61 under the additional as- 
sumption that E[rg] < oo. The stronger assumption will be used in order to derive Lemma 16.21 
from Lemma 16.11 The main ideas are still present, and the remaining piece needed to obtain 
Lemma 16.21 with the relaxed condition E[y^] < oo is indicated in Remark 
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6.1 Proof of Theorem [Tl 

Let Sg := {u G S'^"^ : (au)* € Vg for all a large enough}. Clearlyx G Sg, andif lima_j.oo ^(«)/a - 
0, then Sg = {x}. Fix e G (O, -^7=). Choose u^^), . . . ,u(™') G 5g such that for some Mi < 00 

m 

(j\jB{an^^\ea) ^ (j B{aic,u{a) + R^) . 

j=la>0 a>Mi 

If Sg = {x}, then m = 1, u^^-' = x, and we may dhectly apply Proposition 14. II to obtain desired 
convergence of |Tg(0, nx) — n;U2d(x)|. If instead Sg / {x}, then we can choose u*-^^ . . . , u^*") G 
Sg n U'^"^ such that they are interior points in Sg (seen as a subset of S'^^^). Then there are 
5 > and M2 = M2{5) < 00 such that 

M B(^au^^\Sa + Rd) ^ M i?(ax,a;(a) + i?^), for each j = 1, ... ,?7i. 

a>M2 a>0 

Choose aj > M2 such that QjU^^' G Z . In particular, 

Tg{0,nu^^^) -nfi^4u^^^) < Tg{0,ajU^^'>) + Tg{aj-ii^^\nu^^^) - nn^4u^^'>) 
We conclude from Proposition 14.11 that when E[y] < 00, then 

lim ^ = fj.^d{u^-''), almost surely and in L , for each j = 1,2, . . . ,m. (6.3) 

n— ^-oo n 

Moreover, when E[y"] < 00, for some a > 1, we also obtain that 



^n"^2pnj^^(0,nu(j)) -n^2d(u(^))| >nej < 00, for each j = 1,2, ... ,m. (6.4) 

n=l 

Set z = z/|z|. For z close to u"), we will compare Tg{0,z) with Tg(0,au"^), for a suitably 
chosen. Define 

-f^n := S y G IR'^ : ||y||oo := max \yj\ = n 

{ j=l,2,...,d 

Given z G Hn, let j(z) denote that of the indices j = 1,2, . . . ,m that minimizes z — u") . With 
a slight abuse of notation we write u''^^ for uw(^)). Denote by u^ the point in Hn H Z closest to 
the unique point in Hn n {au(^-'}a>o. 

Claim 1. //e G (O, -^) and z G Hn, then 

|uz — z| < 8(ine + yd < 8d\z\e + Va. 

Proof of Claim [IJ This claim is easily proven with trigonometry, observing that the angle a 
at which the line {au'^'}a>o intersects Hn satisfies tan(a) > y/d, the extremal case being 
u(^) = 7^(1, • • • , !)• The details are left to the reader. D 
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By subadditivity 

Tg{0,z) - \z\n^d{i] 



< 



Tg{0,z)-Tg{0,U^) + rg(0,U,)-|u^|/i2;d(u(^)) 



+ 



.(u(^)) 



u. 



+ hz 



n^'^)-f^2 



■d{Z 



(6.5) 



The latter two terms in the right-hand side of (|6.5|) are non-random. Claim [T] gives 



//2d(u('')) lu^l - |z| < n^4u'-^'>)\u^ - z\ < /i^d(u(^))(8d|z|e-F\/d), 
and, by (|2.3p . |z||/X2d(u\^)) — fi^d{z)\ is bounded from above by 

|z|dE[r(0,ei)]|u(^) -z| < |z|(iE[r(0,ei)]e/^l-e2 < 2d E [T(0,ei)] |z|e. 
The first term in the right-hand side of (|6.5p is, again by subadditivity, at most 



(6.7) 



Tg{0,z)-Tg{0,U^) < Tg{u^,z). 

Proof of part a). Assume that E[re] < oo. Since ||z||i < d\z\, we conclude via Claim [T]that 

E[rg(u^,z)] < E[re]||u^-z||i < dE[Te]{8d\z\e + Vd). 
Under the assumption that E[Te] < oo, also E[y] < oo. So, (|6.3p assure that when |z|, and then 



also |uz|, is sufficiently large, then E 



rg(0,Uz)-|Uz|^2d(u 



(z)^ 



< |u,,|e, which in turn is at most 



(1 -|- 8de)|z|e -|- vde. Finally, together with ()6.6p and ()6.7p . we have obtained that 

E Tg{0,z)-\z\fi^d{i) < ('sd^ E[Te] + (l + 8(ie) + 8d^2d(u(^))+2dE[r(0,ei)])|z|e 

+ {dE[Te] + e + IJ.^d{u^^^))Vd, 

for |z| large enough. Since e > was arbitrary, this proves a). D 

In order to prove either of the remaining two parts, b) and c), the pending step is to prove 
a variant of (j6.ip . With the approach we have chosen, we will prove the following. 

Lemma 6.2. Let the notation above be in force and assume that E[rg] < oo. There exists 
M < oo, that does not depend on e, such that 

Y^ P{Tg{u^,z) >M|z|e) <oo. 

zeVg 

Since not every vertex of Q has the same degree, we will need the following classification. 
Claim 2. There is a partition Dq, D\, . . . , D^-i of the vertices in Vg, such that for some C < oo, 

, ^^ , (Cn''-\ forq = l,2,...,d-l, 

' ' ' - \Cn'''\ forq = 0. 

and if z £ Dq n Hn for some n,q > 1, then there is a Vz £ Dq Ci Hn such that ||vz — z||i < C , 
and there exist (at least) q disjoint paths between z and Vz of length ||vz — z||i. For z £ Dq there 
are 2d disjoint paths from z to Uz of length at most C||uz — z||i. 
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Remark 6.3. In most cases it is possible to choose Dg such that IDg n Hn\ < Cn'^"'^ for q > 2, 
and Di = 0. (When x = ei this is always possible.) However, there are cases when this is not 
possible. For example, when d = 3 and x = -7^(1, 1, 1), it is possible to choose w such that the 

intersection of Vg with {—Rd} x I? equals the points along the line {a(0, 1, 1) + {—Rd, 0, 0)} ^„. 
These vertices will only have one neighbour. D 

Proof of Claim\^ We will prove the case when a; (a) = c ■ a and x = ei only, and leave it 
to the reader to verify that the proof extends to the remaining cases. There are three cases: 
c > 1, c = 1 and c < 1. In the first case set Dq := Vg = Z"'. In the second case set 
Dq := Vg = {0, 1, . . .} X Z'^'^ and Dd-i := {-Rd, -Rd + 1, . . . , -1} x Z"'"!. Both these cases 
are easy, but the final case is more tricky. In that, let 

Do := {z G Vg : 5(z, i?^) C Vg} = J S(aei, c • a). (6.8) 

a>0 

(Here and below we identify subsets of M with its restriction to Z .) Since H^ is a (d — 1)- 
dimensional subset of W^, then there is an Ci < 00 such that 

\DQr\Hn\ < \Hn\ < Cin'^-^, and \{Vg\Do)r\Hn\ < Ciii'^'^. 

For q = 1, 2, . . . , d — 1 we define 

Dg := {z G Vg \ Do : Zj 7^ for g indices j > 2}. 

Since Vg \-Do = (Ua>o B{aei, c-a + Rd)) \ (Ua>o B{aei,c-a)), it is clear that fixation of Zj = 
for some j > 2 in Vg \ Dq reduces the degree of freedom (in the choise of z) by one, in the sense 
that going from Dg^i to Dg we loose one dimension. Hence, there is a C2 < 00 

\Dg n Hn\ < C2n^^\ for each q = 1,2, . . . ,d - 1. 

Move on to the second part of the statement. Take z S Dg n Hn- Due to lattice symmetry, 
we may assume that Zj > for all j = 1, 2, . . . , d. We will choose v^ suitably in the rectangle 



7^z 



■^ V G Vg n Hn : zi < vi < n, and < Vj < Zj for j > 2 > . 



Due to (j6.8p we can find C3 < 00 such that, for v G TZ^,, if zi + C3 < vi < n, or ii vi = n and 
|v — neil < |z — neil — C3, then v G -Dq. Choose v^ accordingly. Since v^ and z differ in q 
coordinates, it is easy to find q disjoint paths from v^ to z of length ||vz — z||i. 

It remains to conclude that there are 2d disjoint paths between z G Dq and Uz. This follows 
directly from Lemma [2^ since Uaefo il -^('^z + o,{z — u^), Rd) ^ Vg. D 

Proof of Lemma 1 6'. H Let 1 < C < 00 and Dq,Di, . . . ,Dd-i be as in Claim [2J We will treat 
each Dq separately, starting with g = 0. Claim [1] says that ||uz — z||i < Sdne + yd for z G Hn- 
Via Lemma 16.11 we deduce that for z G -Do n Hn 



'(Tg(uz,z) > (E[Te] + l)C7(8(ine + \/d)) < |Doni7„,| 
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nrr'' 



ne 



and, since \D() n Hn\ < Cn'^ ^, 

.21 \ 2d 



/T?r 2] \ ' 
^P(rg(u,,z)> (E[re] + l)C(8d|z|e + v^)) < C7^ n-^^M -|J^ J 

z6Dn n=l ^ ^ 



For each z G D^ n Hn, where g > 1, we obtain that 

p(Tg{u^,z) > (E[Te] + 2)C(8dne + \/d + C)) <p(rg(v^,z) > ne 
+ P(rg(u^,v^)> {E[Te] + l)Ci8dne + Vd + C)y 

Let 7^ denote the minimum passage times of q disjoint paths of length C. Since ||vz — z||i < C, 
then P(Tg(vz,z) > ne) is at most as large as P(7^ > ne). Thus, 



J2 PfcK,z) > ne) < \D^ n //„|P(rg > ne) < Cn'J-^P{Tq > 



net 



which, summing over n, is finite, since £[7^*^] < oo. Moreover, ||uz — Vz||i < 8dne + vd + C, and 
an application of Lemma 16.11 gives that 

Y, P(Tg{u,,^^,)>{E[re] + l)C{8dne + Vd + C))<\DgnHn\(^^) . 

Again \Dq n Hn\ < Cn'^~^, and we conclude that for each q > 1 

Y^ P(rg(uz,z) > (E[Te] + 2)C(8(i|z|e + \/d + C)) <oo. 

Hence, it suffices to choose M = (E[re] + 3)8Cd. D 

Remark 6.4. The condition in Lemma 16.21 can be relaxed to E[y ] < oo. That is essentially 
obtained by showing that the set Dq can be chosen in a way that under the relaxed condition 

Y, P(Tg(uz,z) >M|z|e) <oo, 
zeDo 

fo r some M < oo no t depe nding on e. To see that this is true, consult Lemma [2.41 and the paper 



of lCox and DurrettI (| 19811 . Lemma 3.3). D 

Recall that complete convergence implies almost sure convergence. 

Proof of part b) and c). Assume that E[rg] < oo. We will prove that 

Y^ p(|Tg(0,Uz) - |uz|/izd(u("^)| > |z|e) < oo. (6.9) 

zeVg 
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Once this is done, it will follow from ()6.5p and Lemma 16.21 that 



z6Vg 



Tg{0,z)-\z\n^d{z) > (M + l + i8d + Vd)fizd{u^^^) + 2dE[T{0,ei)]')\z\e\ < oo. 



Since e > has been arbitrarily chosen, this would prove c), and therefore also b). 

In order to prove (j6.9p . note that u^ may obtain the same value for at most |i7„| vertices 
z G Vg. Since |i/„| = 2d{2nf-^, then i^M) follows easily from ([63]), given that £;[y'^+i] < oo. 
However, that indeed holds since E[rg] is assumed finite, according to (j2.6p . D 

6.2 Proof of Theorem 11.61 

Assume that E[rg] < oo. Only minor adjustmenst are necessary in order to obtain Theorem 11.61 
from the proof of Theorem 11.21 We proof will proceed along the same lines. For z € Vg, set 
z = z/|z|. The statement we will prove is that, almost surely, for every e > 0, there exists 
M = M(e) < oo such that 



4^)(0,z) 



< e, for all s G [0, 1] and |z| > M. 



.10) 



This is sufhcient for Theorem 11.61 to follow. 

Fix e G (O, 7-y^) ■ Let u^^^ , . . . , u^*"-* G Sg be chosen as in the proof of Theorem 11.21 It follows 
directly from Proposition 15.21 that there exists an almost surely finite M = M(e) such that 



.(s) 



T^'{0,nic) 



n 



f^z4^) 



< e, for all s G [0, 1] and n > M. 



For u"^ G Sg n U ^ that are interior points in Sg, we may again choose aj large, such that 



T^'\0,nu(^^) 



n 



/iz^(u(^'^) 



< 



Tf(0,a,uW] 



+ 



n 



TW(a,-uO-),7iuO-)) 



?d[VL 



ijy 



n 



and where the right-hand side is, almost surely, at most e uniformly in s G [0, 1], for sufficiently 
large n, again according to Proposition 15.21 That is, there is an almost surely finite M = M(e) 
such that 



T^'\0,nu^^)) 



n 



/i^.(u(^-)) 



< e, for all sG [0, 1], j = l,2,...,m andn> Af. (6.11) 



For any given z G Vg, let u^ be specified as before. Analogously to (j6.5p we have that 

4^)(o,z)-|z|/i2.(z) < r^^)K,z)+ 4^)(0,u,)-|u,|/.^.(u(^)) 



+ ^z<^(u(^^) 



u. 



+ z 



lJ-id{\y^^'^) -Atzd(z) 



(6.12) 
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According to ()6.1ip . for s G [0, 1], the second term in the right-hand side of ()6.12p is not greater 
than |uz|e < (l-|-8(ie)|z|e-|-\/de whenever |uz| > (|z| — ^/de^ / {1 + 8de) > M. Recall the notation 
introduced in Section [5l Since 

Tgiu^,z) < fg(Uz,z), 

and E[fe] < oo whenever E[rg] < oo, it follows from Lemma 16.21 and Borel-Cantelli's lemma 
that there is an M' < oo such that 

sup T^"\u^,z) < f^'\u^,z) < M'\z\e 

s£[0,l] 

for all but finitely many z € Vg. From all of the above, we conclude that there is an almost 
surely finite M" = M"(e) such that when |z| > M" 



— n /^zd(z) 



< (M' + {l + 8de) + 8dn^d{iL^^^) + 2dE[T{0,ei)]+l)e, for all s E [0, 1]. 



Since e > was arbitrary, this proves ()6.10p . D 

Acknowledgements: The author would like to thank Olle Haggstrom for suggesting the 
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